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SUMMARY Lus 


A procedure for analyzing statically indeterminate trusses in the .  — j 
plastic stress range is presented which is applicable to trusses having 


any number of redundant members. A numerical exemple is used to illus- 
trate the procedure. | Jd o IRE 


INTRODUCTION 


Although the truss has generally been replaced by the stiffened . 
sheet as the preferred structural form for the wing &nd fuselege, it Tu 
still constitutes a useful configuration that finds application in air- 
craft. The elastic stress analysis of the truss with redundant members 
is a classical problem with which all structural engineers are familiar. 
Aeronautical engineers, however, are interested in the maximum strength 
of trusses and therefore a plastic analysis of the structure is necessary. 
Two somewhat different procedures for analyzing statically indeterminate 
trusses with members stressed beyond the proportional limit have recently = 
appeared in the aeronsutical literature (refs. 1 and 2). Reference 1 .. oe 
describes a procedure which in essence applies the principle of minimum — B 
complementary energy to plastic truss analysis but the method is limited ^ ^ ^ d 
to a single redundancy. The method of reference 2 is an extension of the —, 
relaxation technique of R. V. Southwell and, in general, requires the = > 
determination of more unknowns than the static redundancy of the truss. / 
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Presented herein is an application of the principle of minimum com- 
plementary energy to the analysis of statically indeterminate trusses 
having members stressed beyond the proportional limit and having any num- 
ber of redundant members. The number of unknown quantities to be deter- 
mined is equal to the number of static redundancies. The use of the 
Ramberg and Osgood (ref. 3) analytical representation of the gtress- strain — 
curve that applies to &luminum &lloys, magnesium, and stainless steel per- 
mits a concise analytic formulation of the problem for trusses made of mE 
these materials. — . | | = | fuqi 
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Of the possible combinations of forces, in the members of & truss, 
which satisfy equilibrium among themselves and are in equilibrium with $ 
the external loads, the correct combination is the one that minimizes the 
complementary energy (see ref. 4 for a discussion of the method of com- 
plementary energy): 


m ^ nPyk T NM 
U = > |, ey dPy | | (1) : 


k=1 

where | = DM Io S 
ee " Sm hatte a = = 
U complementary energy 
m total number of members. in ‘truss l DELE | EE sa "e 
e change in length of a member ' o ; a ws Se 
P force acting in the-member i a LE 
In addition to the usual assumptions of truss analysis, such as the 7 
assumption that the deformations are not sufficient to disturb the geo- m 

metric relations between the members, the following assumptions are mede: 
(1) Any movement of & support is porpenditulaz to the reaction at . MM: 
the support. dE Ra cs 
(2) No forces are acting in the members before the application of. o 
the external loade. d 
DO cima 


(3) The final stresses in the members are on the BStress-strein nica 
curve and therefore have not resulted from plastic stress reversal. 


The integration indicated in equation (1) can be performed analytically 
through use of-the Ramberg-Osgood representation of the stress-strain 
curve (ref. 3). This representation yields the following equation 
relating e and P: 


CER eo 
where | | - Coe DA 
E elastic modulus E dun 
L” length of the member  . | MEOS 000. 70 TESTES 


À cross-sectional area of the member 
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PR force causing a stress in the member equal to the 0.7E secant yield 


stress 


n shape parameter used by Ramberg and Osgood for the stress-strain  . 


curve 


Relation (2) expresses the change in length as the sum of two terms: 

the first is recognized as the change in length that would occur if the 
member were elastic; the second term is the additional change in length 
caused by plastic deformation. 


Substituting equation (2) into equation (1) and PUR dica inte- 


grating yields 


U 
Let 

Pk 
where 
Pok 
Pik 
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m 2 Pp = | 
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Pok + &1Piy + se + &iPiy + 7 e œ + RGPak (4) 


statically determinate force in the kth member caused 


by the external loading when j TEUNGA, MENDETA are 


assumed missing o, RRS 


statically determinate force in the kth member caused 
by a unit tensile force in the ith redundant member 

when the applied loads and the forces in the other 
redundant members are assumed equal to zero 


coefficients to be determined 


When equation (4) is substituted into equation (3) and the resulting 


expression for the complementary energy is minimized by equating to zero 


its partial derivatives with respect to each a, there results a set 
of j nonlinear simultaneous equations which determine aj, . .. KL 
The general equation obtained by setting | 


QU . (is Os aw a J) (5) 
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is 
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With the exception of the second summation on the right-hand side, equa- 


tion (6) is the same as would have resulted from an analysis of an elastic . 


truss. The additional summation in equation (6) accounts for the effects 
due to plasticity. 


SOLUTION:OF THE NONLINEAR SIMULTANEOUS EQUATIONS 


A description of-& convenient procedure for solving the nonlinear 
simultaneous equations follows. (Experienced computers may prefer a 
method with which they are more familiar.) 


The set of equations (6) may be written 
[A] |e] = [£e] + [re (7) 
or 
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where ©. | | | - E SE 

[al square matrix having as elements the summations appearing as e 
coefficients of the a's in the left-hand sides of the am 
equations ; D MMC. ID e o 

n -1 inverse of [a] 

tal column matrix of the a's à E ee mat 

Es: colum matrix consisting of the firet (elastic) terms in the l = 
right-hand sides of the equations uo sv V A« 

|F(a)| colum matrix of the second (plastic) terms in the right-hand 


sides of the equations 


Were stress and strain related by the elastic modulus for all forces 
in all members, the solution would be 


NLIS 
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2 (0)| = [3]? |x4] | (9) 


Equation (9) represents the elastic Borütion and may be used es a 
first approximation to the values for the a's which are to satisfy 
the nonlinear equations. The second approximation will then be 


MO = |. Co] + [a] -+r (e) (10) 


and the rth approximation after the first will be 


E = 21 -.— 


«| - [ato] + [a] s 622) a1) 


Each set of values for the a's should be compared with the pre- 
ceding values to determine whether or not continuance of the iterative 
procedure indicated by equation (11) is justified. For trusses having 
several redundant members, repeated application of equation (11) may 
yield varying rates of convergence or divergence for successive values 
of an a. If the iteration appears unsatisfactory, the procedure can " 
usually be &ltered to produce rapid convergence. P as EMEND Pu 
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NUMERICAL EXAMPLE 


For illustration of the procedure, a truss having two redundant 
members will be considered. If the stress-strain curve for the material 


of each member is the same, and if the tensile and compressive portions 
of the curve are symmetrical about the origin, equation (6) yields: 


PP PoxP 
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(12) 


m m -m - 
PikPokLk Pok Ik PoxPokLi 
a, LP MEC n -p Oia . 
= k k-l k k=1 k 


T k=l Ak PR. 


For the statically indeterminate truss given in figure l(a), the 
statically determinate load system is shown in figure l(b) and the two 
redundant load systems are shown in figures l(c) and l(d). Lengths and 
areas of the truss members are summarized in table I, along with the l 
Stetically determinate forces. | 


Ihe stress-strain curye used was arbitrarily chosen and has a O.TE . 
secant yield stress of 40.5 kips per square inch and a value of 6.56 
FOX m 


Ihe sums obtained from table II are used (as indicated below the _ 
table) to determine the elastic solution, which is the first epproxima— . 
tion. The sums required for the second approximation are given in i 
table III, and the application of equation (10) to obtain the second. 
approximation is indicated below table III. 
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Further iterations indicated an oscillatory divergence of the coef- o. 


ficients a, and an oscillatory convergence of ap. Convergence was PE 


obtained when averages of successive values of the coefficient were | MER 
used in the iteration. The final values for aj and ap are used in | Nu 


table IV; convergence is indicated when successive Solut ons, of equa- 
tion (11) result in identical values. a 


CONCLUDING REMARKS 


The analytical expression for the stress-strain curve used in the l 
present method for analyzing statically indeterminate trusses having 
members stressed above the proportional limit has a form which permits ~~ E 
the analysis to be divided into two parts. The first part, or elastic l 
solution, is simply an application of the familiar principle of least 
work to an elastic truss. The second part of the procedure is a routine 
iterative process which accounts for the plastic deformations of the 
truss and yields a correction to the elastic solution. ; 


The method is applicable to a truss having any number of redundant | 
members. The number of unknown quantities to be determined is equai to 
the number of redundant members in the truss, and the evaluation of these | 
unknown quantities determines directly the force acting in each member .  .... 
of the truss. When the forces are known, the deformations can readily ~ . ^ 
be found. | | 


Langley Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 
Langley Field, Va., September 16, 1952. 
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TABLE I.- DIMENSIONS AND STATICALLY DETERMINATE 


FORCES USED IN NUMERICAL EXAMPLE 
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TABLE II.- COMPUTATIONS FOR ELASTIC SOLUTION 


(FIRST APPROXIMATION) 


Member 


0 
j O 0 0 -1600 
[a]-} = [714.4 128.0 -L. 1000143895 -0.0002186h 

128.0 824.4 0.00021864.  0.00122031 
l| = [9-1 |-366 
5265 
a, (0) -6. 4249 


aJ KO) T.2262 


TABLE III.- COMPUTATIONS FOR SECOND APPROXIMATION 


Member 


a 
b 
C 
d 
e 
I 
ko 
h 
l 
J 


“sign chosen to give positive E 


«Q) = |. + [a}- 134.7 
| -351.8 
8, (1) 26.42149 0.2107 -6.15h2l 
= l. i + = 
à ag.) 7.2262} l-0.4588 6. T6Th 
| ' . 
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TABLE IV.- COMPUTATIONS FOR FINAL APPROXIMATION 


Member 


a,(r-1) = -6.3092 . $ x ; | 


an(r-1) = : 6.9362 


Etr) -6. 4249) , [A] -1| 45.56 
7.2262 -229.6 
a, x) -6.h2hg 0.1157} | -6.3092 


il 
-+ 
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. a 


apr) 7. 2262 -0. 2900 6.9362 SR e 
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(a) Truss. 


( C ) Py loading . 


(b) P, loading. 
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Figure l.- Truss and load systems used in mmerical example, 


Po loađing . 
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